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Section A

1. The function f is defined by f (x) = x2 —6x+5xeR.

(a) Find the zeros of f. [2]
(b) Express f(x) in the form (x — h)2 + k, where I,k € Z. [2]
(c¢) Write down the coordinates of the vertex of the graph of y = f (x). [1]

2. The third term of an arithmetic sequence 14, u5, u3, ... is 11 and the eighth term is 31.

(a) Find the common difference and the first term of the sequence. [3]
n
(b) Find the value of n for which Z uy = 465. [3]
k=1
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3. Ina group of 30 students, 18 study Spanish, 14 study German and 5 study neither of these two
languages. A student is chosen at random from the group. Let S be the event that the student
studies Spanish and G the event that the student studies German.

(a) Find the number of students who study both languages. [2]
(b) Find P(G|S). [2]
(¢) Determine, with a reason, whether the events S and G are independent. [2]

4. Letf(x) = cos2x + 3sinux.

(a) Find the exact value off(%). [2]
(b) Show that f(x) = 1 + 3sinx — 2sin” x. [2]
(c¢) Hence solve the equation f(x) =2 for 0 < x < 27 [3]
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5. Letf(x) = xInx, where x > 0.
(a) Find f'(x). [2]

(b) Find the equation of the normal to the graph of f at the point where x = e. Give your answer
in the form y = mx + c. [4]
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7. Letz =1 —+3iand let z* denote the complex conjugate of z.

(a) Find |z| and argz. [2]
(b) Find zi*' giving your answer in the form re', where r > 0 and —7r < 0 < 7. [3]

8. The polynomial p(x) = x3 + ax? + bx — 12, where a,b € Z, has a factor (x — 2) and leaves a
remainder of —6 when divided by (x + 1).

(a) Find the value of a and the value of b. [3]
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2 1
9. Consider the vectorsa=| 1 |andb=|2
-1 1
(a) Find the angle between a and b. [3]
(b) Find the value of t for which the vector a + tb is perpendicular to a. [2]
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Section B
2x+3
1. Let ==, R.
et f(x) 241 X E
(a) Find the coordinates of the points where the graph of y = f (x) crosses the axes. [2]
(b) Write down the equation of the horizontal asymptote of the graph of y = f (x). [1]
, —2x+4)(x—-1)
(c) Show thatf’(x) = 21 4)2 . [3]

(d) Find the coordinates of the stationary points of the graph of y = f(x) and determine their
nature. [4]

(e) On the axes below, sketch the graph of y = f (x) for —8 < x < 6, showing clearly the stationary

points and the points where the graph crosses the axes. [3]
Y
15 |
1 +
05 f
t t t t t t t t t t t t t t X
-8 -7 -6 -5 -4 -3 -2 -1 1 2 3 4 5 6
-0.5 +

(f) Find the exact area of the region enclosed by the graph of y = f(x), the x-axis and the lines
x=0and x = 2. [4]

2. The sequence uq, U, us, ... is defined by

1
u =2, U1 =2—— forneZ*.

u?’l
(a) Find u,, uz and uy. [2]
(b) Hence suggest an expression for u,, in terms of n. [1]
(¢) Prove your conjecture from part (b) by mathematical induction. [6]

1
(d) Show that Uy —Uyyq = m [2]
Hence show that 3 ——— — " [2]
(e) Hence show tha r;”(r"‘l) =TT
(f) Consid th i i !
onsider now the series LTy
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in partial fractions.

. 1
(i) Express pYPR

1
r(r+2)

(ii) Hence find the exact value of Z
r=1

3. The points A(1, 0, —1), B(0, 1, 3) and C(2, 1, —1) lie on the plane IT;.

(a)
(b)

(c)
(d)

(f)

(8)

Find AB x AC.
Hence show that the Cartesian equation of Iy is 2x — 2y +z = 1.
0 1
The line L has equationr=| 2 [+A|0 [, A € R.
-1 1

Find the coordinates of the point P where L meets I;.

Find the acute angle between L and I1;.

The plane I1, has equation x + 2y + 2z = 5.

Show that Il; and I, are perpendicular.

The planes I'l; and I, intersect in the line M. Find a vector equation of M.

The perpendicular distance from the point (x, v, zg) to the plane ax + by + cz = d is

laxg + byg + czg — d|

Vaz + b2 + 2

The point Q lies on L and is equidistant from I'l; and I'T,. Find the coordinates of Q.
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Section A

1. Lena invests 8000 USD in a savings account that pays a nominal annual interest rate of 3.6%,
compounded monthly. No further deposits or withdrawals are made.

(a) Find the value of the investment after 5 years. Give your answer correct to the nearest cent.

[2]

(b) Find the minimum number of complete years needed for the value of the investment to exceed
12000 USD. [3]

2. A triangular plot of land is shown in the diagram, where AB = 85 m, BC = 62 m and ABC = 58°.

C
62 m
58°
diagram not to scale
B 85m
(a) Find the length of AC. [2]
(b) Find the size of BAC. [2]
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(¢) The land is valued at 12 USD per square metre. Find the value of the plot. [2]

3. The masses of the avocados grown in an orchard are normally distributed with mean 185 g and
standard deviation 22 g.

(a) Find the probability that a randomly chosen avocado has a mass greater than 200 g. [2]

(b) The heaviest 15% of the avocados are sold as premium. Find the minimum mass of a premium
avocado. [2]

(c) The masses of the avocados grown in a second orchard are also normally distributed, with
mean 190 g and standard deviation ¢ g. In this orchard, 10% of the avocados have a mass less
than 160 g. Find the value of ¢. [3]

4. A cup of coffee is left to cool in a room. Its temperature T, in degrees Celsius, after t minutes is
modelled by
T(h=21+Ae™, >0,

where A and k are positive constants. The initial temperature of the coffee is 85°C and after 10
minutes its temperature is 60°C.

(a) Write down the value of A. [1]
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(b) Find the value of k. [2]

(d) Write down the equation of the horizontal asymptote of the graph of T, and state what it
represents in this context. [2]

5. A closed cylindrical can has radius  cm and height & cm. The volume of the can is 330 cm?3.

660
(a) Show that the total surface area, S cm?, of the can is given by S = 27172 + - [2]
., dS

[3]
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6. A factory produces rechargeable batteries. Each battery, independently of the others, fails a
quality test with probability 0.06. The batteries are packed in boxes of 20. Let X be the number of
batteries in a randomly chosen box that fail the test.

(a) Find the probability that, in a randomly chosen box,

(i) exactly two batteries fail the test; [2]
(i) at least three batteries fail the test. [2]
(b) Find the expected number of batteries in a box that fail the test. [1]

(c) An inspector selects n batteries at random from the production line. Find the smallest value
of n such that the probability that at least two of these batteries fail the test is greater than
0.9. [3]

7. A water tank has the shape of an inverted right circular cone with its vertex at the bottom. The
radius of the top of the tank is 1.2 m and its height is 3 m. The depth of the water in the tank is
metres and the volume of the water is V cubic metres.

4
(a) Show thatV = 7—7;113. [2]

(b) Water leaks out of the tank at a constant rate of 0.05 m3 per minute. Find the rate at which the
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depth of the water is decreasing at the instant when the depth is 2 m. [3]

8. A workshop makes a component using three 3D printers, P, Q and R. Printer P makes 50% of the
components, printer Q makes 30% and printer R makes 20%. The probabilities that a component is
defective are 0.01 for printer P, 0.02 for printer Q and 0.04 for printer R.

A component is chosen at random from the output of the workshop.

(a) Find the probability that the component is defective. [2]

(b) Given that the component is defective, find the probability that it was made by printer R.  [3]

9. The lines L, and L, have equations

1 2 1 1
Li:r=| 2 [+A|-=1]{, Ly:r=|-1|+p| 1 [, ApeR.
-1 3 6 -2

The point A has coordinates (1, 2, —1) and the point B has coordinates (1, —1, 6).

(a) Show that L; and L, intersect, and find the coordinates of their point of intersection, P.  [3]
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Section B

1. The time, X hours, that a visitor spends at an indoor climbing gym is modelled by a continuous
random variable with probability density function

kx2(4—x), 0<x<4,

f(x)z{

0, otherwise,

where k is a positive constant.

(a) Show thatk = 634 [2]
(b) Find the probability that a visitor spends between 1 and 3 hours at the gym. [2]
(c¢) Find
(i) E(X); [2]
(ii) Var(X). [3]
(d) Find the median of X. [3]

(e) The gym charges a flat fee of 8 dollars plus 5 dollars for each hour spent at the gym, so that a
visitor pays C = 8+ 5X dollars. Find the expected value and the standard deviation of C. [2]

(f) On a particular morning 10 visitors arrive at the gym. The times they spend at the gym are
independent of each other. Find the probability that at least 3 of these visitors spend more
than 3 hours at the gym. [3]

2. A tank on a vineyard is used to prepare liquid fertiliser. Initially the tank contains 400 litres
of water in which 2 kg of fertiliser is dissolved. From time t = 0, a solution containing 0.02 kg of
tertiliser per litre flows into the tank at a constant rate of 6 litres per minute. The contents are kept
well mixed and the mixture flows out of the tank at a constant rate of 4 litres per minute.

Let M be the mass of fertiliser, in kg, in the tank t minutes after the flow starts.

dM 2M
(b) Use Euler’s method with a step length of 10 minutes to estimate the mass of fertiliser in the
tank after 30 minutes. [3]

(c)

(i) Show that (200 +t)? is an integrating factor for the differential equation in part (a). [2]
(ii) Hence find M in terms of t. [4

e

(d) Find the percentage error in the estimate found in part (b). [2]

(e) The tank can hold 1000 litres. Find the concentration of fertiliser, in kg per litre, in the tank at
the moment it becomes full. [2]

(f) Show that, however large the tank, the concentration of fertiliser in the tank never reaches 0.02
kg per litre. [2]
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3. The points A(1,—1,3), B(3,1,2) and C(2,3,4) lie on the plane I'L
(a) Find AB x AC. [3]
(b) Hence show that a Cartesian equation of ITis 2x —y +2z = 9. [2]

The line L passes through the points D(1,2,0) and F(3,8,4).
(¢) Find a vector equation of L.
(d) The line L meets the plane IT at the point E. Find the coordinates of E.
(e) Find the acute angle between L and IT.
(f) Find the distance from D to I1.
(g) The point D’ is the reflection of D in the plane Il. Find the coordinates of D’.

(h) Hence find a vector equation of the line which is the reflection of L in the plane IT.
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1. This question investigates the family of functions f,, (x) = x"e™*, x > 0, where n € Z*, and uses
a related family of integrals to obtain a result about the number e.

(a) Use your GDC to find the coordinates of the local maximum point on the graph of y = f3(x).

[2]
(b) Show that f;(x) = x""le™*(n — x). [2]
(c¢) Hence find, in terms of n, the coordinates of the local maximum point on the graph of y =
fut). [2]

(d)
(i) Show that f,/ (x) = x"2e ™ (x? — 2nx + n(n — 1)). [2]

(ii) Hence show that, for n > 2, the graph of y = f,,(x) has exactly two points of inflexion
with x > 0, at x = n + V7. Justify your answer. [3]

1
Let], = fo x"e™*dx, forn € N.

(e)
(i) Show thatly =1 —e ! [1]
(ii) Show thatIl, = nl,_; —e~! forn > 1. [3]
(f) Use the result in part (e) to find the exact value of I3. Verify your answer using your GDC.
[3]
1
(g) Prove by mathematical induction that I, = n! (1 —e! ];) H) foralln € N. [5]
(h)
1
(i) By considering the values of e™ for 0 < x < 1, show that 0 < I,, < pPRE [2]
1
(ii) Hence show that lim kZ{) o= [2]

2. This question investigates the distances between the vertices of a regular polygon drawn on the
Argand diagram.

Let n > 3 be an integer and let w = e%. The nth roots of unity 1, w, w?, ..., "1 are the vertices of
a regular polygon inscribed in the circle |z| = 1. Let A be the vertexz = 1and, fork =1,2,...,n -1,

letd, = |1 — wk‘ be the distance from A to the vertex w*.

(a) Forn =5, write down the five roots of z> = 1 in the form e, where 0 < 6 < 277 [1]
(b) Show that, for any n > 3, the sum of the nth roots of unity is zero. [2]
(c¢) Forn =5, use your GDC to find the value of d,d,d3d,. [2]

(d) Consider the case n = 6.

(i) Find the exact values of dy,d,, d3,dy, ds, and hence find the value of dd,d3d,ds. [2]
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(ii) Using your answers to parts (c) and (d)(i), make a conjecture about the value of

dydy - dy_q. [1]
. 0
(e) Show that |1 —e!| = 2sin 5 for0 <6 <2m. [3]
(f) By writing z" — 1 as a product of n linear factors and also as (z — 1) (1 +z +z? + - + 2" 1),
prove your conjecture from part (d) (ii). [4]
n—1 k
(g) Hence show that IH sin 7% = 2:_1 . [2]

Let S, =dy +d, + -+ + d,,_1 be the sum of the distances from A to the other n — 1 vertices.

(h)
n—1 . 2
(i) Show that kZO e‘k”/” = m [2]
. 2 .9
(ii) Show that T 1 +icot 5 for0 < ¢ < 271. [3]
(iii) Hence show that S,, = 2 cot % [2]
(i) Letm, = - _" 1 be the mean distance from A to the other vertices.
(ii) Find the exact value of lim m,,. [3]
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